
Definition 1 An m×n matrix A satisfies a null-space property of order k with constant C
if for any η ∈ <n such that Aη = 0, and any set T ⊂ {1 . . . n} of size k, we have

‖η‖1 ≤ C‖η−T‖1

where −T denotes a complement of T .

Lemma 1 Suppose that A satisfies RIP of order (c + 2)k with constant δ, c > 1. Then A
satisfies the nullspace property of order 2k with constant C = 1 +

√
2/c(1 + δ)(1− δ).

Proof. Let T be the set of the largest (in absolute value) 2k coefficients of η. Let T0 = T ,
T1 be the set of indices of the next M = ck largest coefficients of η. Let Ts be the last set of
such indices. Also, let η0 = ηT0 + ηT1 .

Since Aη = 0, we have Aη0 = −A(ηT2 + . . . ηTs). Therefore

‖ηT‖2 ≤ ‖η0‖2
≤ (1− δ)−1‖Aη0‖2
= (1− δ)−1‖A(ηT2 + . . . ηTs)‖2

≤ (1− δ)−1

s∑
j=2

‖AηTj
‖2

≤ (1− δ)−1(1 + δ)
s∑

j=2

‖ηTj
‖2

For any i ∈ Tj+1 and l ∈ Tj we have |ηi| ≤ |ηj|, and therefore |ηi| ≤ ‖ηTj
‖1/M . It follows

that
‖ηTj+1

‖2 ≤ (M(‖ηTj
‖1/M)2)1/2 = ‖ηTj

‖1/M1/2

Therefore

‖ηT‖2 ≤ (1− δ)−1(1 + δ)/M1/2

s∑
j=1

‖ηTj
‖1

= (1− δ)−1(1 + δ)/M1/2‖η−T‖1

Since ‖ηT‖1/(2k)1/2 ≤ ‖ηT‖2, we get

‖ηT‖1 ≤ (2k)1/2(1− δ)−1(1 + δ)/M1/2‖η−T‖1

Therefore

‖η‖1 = ‖ηT‖1 + ‖η−T‖1 ≤ [1 + (1− δ)−1(1 + δ)(2/c)1/2]‖η−T‖1
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Lemma 2 Assume A satisfies the nullspace property of order 2k with constant C < 2. Then
for x∗ that minimizes ‖x∗‖1 subject to Ax∗ = Ax we have

‖x− x∗‖1 ≤
2C

2− C
Errk

1(x)

Proof Let η = x∗ − x. and let T be the set of k largest coefficients of x. From the
null-space property we have

‖ηT‖1 ≤ (C − 1)‖η−T‖1 (1)

Since x∗ is the minimizer, we have ‖x∗‖1 ≤ ‖x‖1, which we rewrite as

‖x∗T‖1 + ‖x∗−T‖1 ≤ ‖xT‖1 + ‖x−T‖1

It follows that

‖xT‖1 − ‖ηT‖1 − ‖x−T‖1 + ‖η−T‖1 ≤ ‖xT‖1 + ‖x−T‖1
and therefore

‖η−T‖1 ≤ ‖ηT‖1 + 2‖x−T‖1 = ‖ηT‖1 + 2Errk
1(x)

From Eq. 1 we have

‖η−T‖1 ≤ (C − 1)‖η−T‖1 + 2Errk
1(x)

which implies

‖η−T‖1 ≤
2

2− C
Errk

1(x)

Thus

‖η‖1 ≤ C‖η−T‖1 ≤
2C

2− C
Errk

1(x)
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